Abstract. In this paper we investigate the image of the center Z of the distribution algebra Dist(GL(m|n)) of the general linear supergroup over a ground field of positive characteristic under the Harish-Chandra morphism h : Z → Dist(T ) obtained by the restriction of the natural map Dist(GL(m|n)) → Dist(T ). We define supersymmetric elements in Dist(T ) and show that each image h(c) for c ∈ Z is supersymmetric. The central part of the paper is devoted to a description of a minimal set of generators of the algebra of supersymmetric elements over Frobenius kernels Tr.
Introduction
We start by recalling a part of the generalization of the classical Harish-Chandra theory from algebraic groups to supergroups presented in [1] . Let a ground field K be of characteristic zero, G = GL(m|n) be the general linear supergroup, g = gl(m|n) be the general linear Lie superalgebra and U = U (g) be the enveloping superalgebra of g, and Z be the center of U . Let g = u − ⊕ h ⊕ u + be a triangular decomposition. The PBW Theorem implies the decomposition U = U (h) ⊕ (u − U + U u + ) and the corresponding projection Φ : U → U (h), where U (h) is the enveloping algebra of the Cartan algebra h. The restriction of φ to Z is an algebra homomorphism h : Z → U (h). It turns out that the image h(Z) is isomorphic to the algebra of supersymmetric polynomials in variables (x 1 , . . . , x m |y 1 , . . . , y n ). This property is later used to derive the linkage principle for GL(m|n). For more details, please consult Section 2.2. Harish-Chandra homomorphism and linkage of the book [1] .
The Harish-Chandra homomorphism for GL(m|n) over a field K of positive characteristic p was defined and studied in Section 8 of [8] . Instead of enveloping superalgebras U (g) and U (h) we considered the distribution algebras Dist(G) and Dist(T ) of G and its torus T . The natural map Dist(G) → Dist(T ) restricted to the center Z of Dist(G) induces a superalgebra homomorphism h : Z → Dist(T ). In Theorems 9.9 and 9.10 we have determined generators of Z and of its image h(Z) under the map h for GL(1|1).
The purpose of this paper is to investigate the image h(Z) of the center Z of Dist(G) under the above map h for a general GL(m|n). We will define a subalgebra SS of supersymmetric elements of Dist(T ), and show that h(Z) is included in SS. We expect that the equality h(Z) = SS is valid for general G. We confirm this for GL(1|1), the only case when the images h(Z) are known. The main part of the paper is devoted to finding minimal generators of the algebras SS for general GL(m|n). Instead of G and T , we will work with their Frobenius kernels G r and T r .
The structure of the paper is a follows. In Section 1, we derive properties of the distribution algebra Dist(T ) of a torus T of G. In particular, we determine a complete set of primitive orthogonal idempotents h a1,...,am|b1,...,yn of Dist(T r ). In Section 2, we study elements c of the center Z of Dist(G) and the properties of h(c) under the morphism h. In Section 3, we use the properties derived in Section 2 to define the algebra SS of supersymmetric elements in Dist(T ). In Section 4, we determine specific types of supersymmetric elements. In Section 5, for GL(m|1), we determine a basis and the dimension of SS r . In Section 6, we define canonical elements and compute their dimension for every GL(m|n). Finally, in Section 7, we establish the basis of SS r for every GL(m|n).
Throughout the paper, we assume that the characteristic of the ground field K is p > 0.
The distribution algebra of a torus T
We start by stating some elementary properties of the distribution algebra of a torus.
Let T be a torus corresponding to diagonal matrices of size m. The distribution algebra Dist(T ) of the torus T has generating elements x i k = (k + 1)
Denote by T r the r-th Frobenius kernel of T , and by Dist(T r ) its distribution algebra.
If 0 ≤ a, b < q, and 0 ≤ i ≤ min{a, b} is such that a + b − i ≥ q, then there is a p-adic carry when a−i is added to b. By Kummer's criteria, this means that
is divisible by p. Therefore, the K-span of the set B r of monomials x1 a1 . . . xm am , where each 0 ≤ a i < q, is closed with respect to the multiplication. The set B r is a basis of Dist(T r ).
1.1. m = 1. Denote by G m the one-dimensional torus.
First, we consider the multiplicative structure of Dist((G m ) r ) and write x = x 1 . We will require the following combinatorial lemma. 
For 0 ≤ a < q, denote
We have 
is a separable algebra. Elements X a as above form a complete set of primitive orthogonal idempotents in Dist((G m ) r ) and 0≤a<q X a = 1.
Proof. The proof follows from Lemma 1.2 and
since the dimension of Dist((G m ) r ) is q = p r , and it equals the number of X a .
1.2. m ≥ 1. For each 0 ≤ a < q denote by
The multiplicative structure of Dist(T r ) is described in the following lemma.
Proposition 1.4. For each r, Dist(T r ) is a separable algebra. In fact, every h a1,...,am is a primitive idempotent, and they together form a complete orthogonal decomposition of unity.
Proof. Since Dist(T r ) is a direct product of m copies of Dist((G m ) r ), the claim follows from Lemma 1.3.
Central elements in Dist(GL(m|n))
We follow the notations from [8] . Fix an odd element e ij ∈ gl(m|n) such that 1 ≤ i ≤ m < j ≤ m + n. Let λ = (λ 1 , . . . , λ m+n ) be a weight of G = GL(m|n). Denote the binomial elements e λ = m+n i=1 eii λi and divided powers elements e (t) ij = e t ij t! for t ≥ 0. Lemma 2.1. For 1 ≤ i ≤ m < j ≤ m + n and t > 0 there are the following commutator formulas.
(
Using PBW theorem, write the basis elements of Dist(G) as products in the order such that odd factors e uv , where u > v appear first; followed by even factors e tuv uv where u > v; basis elements Assume that a central element c of Dist(G) has the form
It is easy to see that the image h(c) of c under the Harish-Chandra morphism h is
The algebraic supergroup GL(m|n) contains a group subfunctor Σ such that for every A ∈ SAlg K the group Σ(A) consists of matrices
where A σ is a monomial matrix corresponding to a substitution σ ∈ Σ m , and B τ is a monomial matrix corresponding to a substitution τ ∈ Σ n , respectively. In particular, Σ(A) ≃ Σ m × Σ n . Since the supergroup GL(m|n) acts on its Lie superalgebra gl(m|n) by conjugations, the group subfunctor Σ acts on gl(m|n) in such a way that (σ, τ ) ∈ Σ m × Σ n ≃ Σ(A) maps e ij to e σ(i),τ (j) . Therefore, each h(c) is symmetric in e 11 , . . . , e mm and e m+1,m+1 , . . . , e m+n,m+n . Using Lemma 7.7 from [8] , we obtain
for some f ∈ Dist(T ). where v > m + 1 provided u = l. Continuing this process, one quickly sees that after each step there is a unique summand ending in e m,m+1 and all other summands are ending with odd factors e uv , where 1 ≤ u ≤ m < v ≤ m + n and either u < m or v > m + 1.
Proof
Therefore all nonzero summands corresponding to the rewritten expression for e m,m+1 Since [e uv , e rs ] = 0 when 1 ≤ u, r ≤ m < v, s ≤ m + n, when we multiply summands from e m,m+1
we either get zero if one of the odd elements is repeated or otherwise, they are linear combinations of elements of our basis of Dist(G) that do not belong to Dist(T )e m,m+1 . Now assume that in the expression for p, there is no even factor e
, where d kl > 0. Then q is either zero, or otherwise contains at least two different odd factors of type e u,v where u < v and therefore does not belong to Dist(T )e m,m+1 .
We leave it for the reader to verify that similar arguments work for summands q of type (3) . Now, consider a summand q of the type (1). The only non-zero summands correspond to e k,m , where k ≥ m + 1 and e m+1,l , where l ≤ m. If k > m + 1, then in the monomial p t,µ,d the factor e k,m will be replaced by the even element e k,m+1 . Since
, the result of such substitution
Thus the claim follows. Analogous arguments work if l < m.
Therefore it remains to consider the case k = m + 1, l = m. In this case, in the monomial p t,µ,d the factor e m+1,m will be replaced by the element e mm + e m+1,m+1 . If 1≤l<k≤m+n t kl > 1, then the claim is again evident.
) e µ e m,m+1 = 0, where t kl = 1 if k = m + 1, l = m and t kl = 0 otherwise, and symmetrically,
for some x ∈ Dist(T ). Since h(c) is symmetric in both e ii and e jj for 1 ≤ i ≤ m and m + 1 ≤ j ≤ m + n, the identity (⋆ ij ) holds for any 1 ≤ i ≤ m < j ≤ m + n. Lemma 2.3. The condition (⋆) ij is equivalent to the system of equations
where λ runs over all (m+n)-dimensional vectors with non-negative integer entries.
Proof. Generalizing the formula in the proof of Proposition 8.3 in [8] we obtain
Therefore the left-hand side of (⋆ ij ) equals
which can be rewritten as
Denote by (e ii + e jj ) λ b λ e λ the right-hand side of (⋆) ij . It equals
The last expression can be rewritten as
where the coefficient b λ−ǫi or b λ−ǫj is zero if λ i = 0 or λ j = 0, respectively. One can transform it as
Comparison of the above expressions yields the stated system of equations.
Symmetrically, one can record the system of equations, as above, of type (⋆) ji .
Supersymmetric elements
Let f ∈ Dist(T ). Denote by s ij (f ) the element obtained from f after replacing every x i by x i − 1 and every y j by y j + 1 and by Φ ij the difference operator sending f to f − s ij (f ). Explicitly,
If f is symmetric with respect to the terms x 1 , . . . , x m and y 1 , . . . , y n separately, and it satisfies all conditions ( † ij ) for every i and j, then we call f supersymmetric. The subspace of all supersymmetric elements in Dist(T ) will be denoted by SS.
The set of all f ∈ Dist(T r ) ∩ SS for which there are f
Let us remark that if f is symmetric with respect to the terms x 1 , . . . , x m and y 1 , . . . , y n separately, and it satisfies the conditions ( † 11 ), then it is supersymmetric since it automatically satisfies all conditions ( † ij ) for every i and j. Remark 3.2. As mentioned in the introduction, we want to find a minimal set of generators of SS r supersymmetric elements over the Frobenius kernel T r . This is an interesting problem on its own. However, we expect that each supersymmetric element is the image h(c) for some c ∈ Z, that is, the equality h(Z) = SS is valid for general GL(m|n). If this is confirmed, then it would give crucial information about the structure of the center Z, analogous to the classical Harish-Chandra theory.
will be called a quasiderivation of A. 
There is a connection between supersymmetric elements in the distribution algebra of the torus T defined above and the classical supersymmetric polynomials introduced in [7] and further investigated in [4] , [5] and [2] . The above difference operator Φ ij is related to the derivation
If we replace elements of Dist(T ) by polynomials in x 1 , . . . , x m , y 1 , . . . , y n , the quasiderivation Φ ij by the derivation
and make a substitution y j → −y j , the property ( † ij ) is transformed to
which together with f (x 1 , . . . , x m , y 1 , . . . , y n ) been invariant under permutations of variables x 1 , . . . , x m and y 1 , . . . , y n separately gives the definition of when the polynomial f (x 1 , . . . , x m , y 1 , . . . , y n ) is supersymmetric.
Our goal is to describe all supersymmetric elements in Dist(T ).
Additionally, SS is a subalgebra of Dist(T ) and SS r is a subalgebra of Dist(T r ) ∩ SS.
Proof. If f is supersymmetric, then there are elements f
We can choose q large enough so that all exponents a i , b j in the monomials 
If f 1 , f 2 ∈ SS, then Φ ij (f 1 ) and Φ ij (f 2 ) are multiples of x i +y j and by Lemma 3.4 so is Φ ij (f 1 f 2 ), showing that f 1 f 2 ∈ SS. Therefore SS is a subalgebra of Dist(T ).
Analogously, SS r is a subalgebra of Dist(T r ), hence of Dist(T r ) ∩ SS.
As a consequence of the above lemma, from now on we will work inside a fixed Dist(T r ).
Next, we will show that the condition ( † st ) can be recognized by working over the torus of GL(1|1) corresponding to variables x s and y t .
Let f ∈ Dist(T ) and write f = (i1,...,im,j1,...,jn) a i1,...,im,j1,...,jn 
.., is,...,im,j1,..., jt,...,jn)
, the claim follows.
Special supersymmetric elements
Lemma 4.1. We have
Proof. If a i > 0, then
If a i = 0, then
Applying the map s ij we obtain
As a corollary of the last lemma, we get the following statement. Proof. By definition,h a1,...,am|b1,...,bn is symmetric with respect to x 1 , . . . , x m and y 1 , . . . , y n separately. It satisfies the conditions ( † ij ) by Lemma 4.1.
An element h a1,...,am|b1,...,bn , such that all a i + b j are not divisible by p, will be called special. An element h a1,...,am|b1,...,bn , such that p divides some a i + b j , will be called ordinary.
For 0 ≤ a < q, denote by H a the sum of all ordinary elements h a1,...,am|b1,...,bn ∈ Dist(T r ) such that Proof. Clearly, if H a contains a summand h a1,...,am|b1 ,...,bn , then it contains all summands obtained by permuting indices a 1 , . . . , a m and b 1 , . . . , b n separately. Therefore it remains to prove that H a satisfies the condition ( † 11 ). Split all summands in H a into groups consisting of those h a1,...,am|b1,...,bn for which a 2 , . . . , a m ; b 2 , . . . , b n are fixed. Then a 1 + b 1 modulo q remains constant within a group, say a 1 + b 1 ≡ k (mod q). Then the sum of all term in a group equals a1+b1≡k (mod q) h a1|b1 h a2,...,am|b2,...,bn , which by Proposition 5.1 satisfies the condition ( † 11 ). Therefore, by Lemma 3.7, H a also satisfies the condition ( † 11 ).
Supersymmetric elements for GL(m|1)
In light of the Lemma 3.7, it is essential to describe all supersymmetric elements for GL(1|1).
GL(1|1). Assume G = GL(1|1).
Some elements in SS r were described in [8] , as elements of h(Z r ) of the image of the center Z r of Dist(G r ) under the map h. Denote by a the remainder after the division of a by q. Denote by r ij the row of matrix C consisting of entries c i,j;u,v for 0 ≤ u, v < q, and by r k = i+j=q−2+k r ij for k = 1, . . . , q. Then the entries of r k at positions (ij) equal to q − 1 + k if i + j = q − 3 + k; equal to q − 2 + k if i + j = q − 2 + k; and vanish otherwise.
If a vector
Using the above description of r k , this is equivalent to the linear system
By adding the dimension q of the kernel of Φ 1,1 , we obtain that the dimension of SS r is q 2 − To help the reader to build a geometric intuition and prepare for the counting arguments appearing later, we consider the cases GL(2|1) and GL(3|1) before the case GL(m|1).
GL(2|1). Assume G = GL(2|1).
Proposition 5.4. The basis of supersymmetric elements in SS 1 consists of special elementsh a1,a2|b and the sums H a . The dimension of SS 1 is p
Proof. We visualize the form of summands of H a as follows. Since the sum a 1 + a 2 + b ≡ a (mod p) for each summand h a1,a2|b of H a remains constant modulo p, we represent ordinary h a1,a2|b by a lattice point (a 1 , a 2 ) in the square [0, p) × [0, p). Then H a is a sum of h a1,a2|b , where a 1 + a 2 + b ≡ a (mod p) and the corresponding marked lattice points (a 1 , a 2 ) lie on two line segments given by x 1 = a (where a 2 + b ≡ 0 (mod p)) and x 2 = a (where a 1 + b ≡ 0 (mod p)) intersecting at the point (a, a). Therefore there are 2p − 1 summands in H a , using up 2p − 1 ordinary elements. If f ∈ SS r has a nonzero coefficient at an ordinary element h a1,a2|b , then all the coefficients along the lines x 1 = a and x 2 = a have to be the same. If we add up all of the corresponding elements, we obtain a scalar multiple of H a that can be split off from f . Since the number of special elementsh a1,a2|b is p p 2 , the dimension formula follows.
Proposition 5.5. The basis of supersymmetric elements in SS r consists of special elementsh a1,a2|b and the sums H a . The dimension of SS r is
Proof. We need to explain how to scale up the argument from the previous Proposition from p to q. We compute all expressions modulo q. We visualize the form of summands of H a as follows. Since the sum a 1 +a 2 +b ≡ a (mod q), for each summand h a1,a2|b of H a , remains constant modulo q, we represent h a1,a2|b by a lattice point (a 1 , a 2 ) in the square [0, q) × [0, q). Then H a is a sum of h a1,a2|b , where a 1 + a 2 + b ≡ a (mod q) and the corresponding marked lattice points (a 1 , a 2 ) lie in the mesh given by lines x 1 = a, x 1 = a + p, . . . , x 1 = a + q − p and x 2 = a, x 2 = a + p, . . . , x 2 = a + q − p. Break this mesh into If f ∈ SS r has a nonzero coefficient at an ordinary element h a1,a2|b , then all the coefficients corresponding to marked lattice points in the mesh as above have to be the same. If we add up all of the corresponding elements, we obtain a scalar multiple of H a , that can be split off from f .
Since the number of special elementsh a1,a2|b is q
, the dimension formula follows.
We will use an argument analogous to the above to scale up from p to q in general.
GL(3|1). Assume G = GL(3|1).
Define T a,a ′ for 0 ≤ a ≤ a ′ < q to be a sum of h a1,a2,a3|b , where
We describe the generators of supersymmetric elements first in the case q = p, and then we scale it up to the case of general case analogously as above.
Proposition 5.6. The basis of supersymmetric elements in SS 1 consists of special elementsh a1,a2,a3|b and elements T a,a ′ for a ≤ a ′ . The dimension of SS 1 is p
Proof. We visualize the form of summands of H a as follows. Since the sum a 1 + a 2 + a 3 + b ≡ a (mod p) for each summand h a1,a2,a3|b of H a remains constant modulo p, we represent ordinary h a1,a2,a3|b by a lattice point (a 1 , a 2 , a 3 
The marked lattice points (a 1 , a 2 , a 3 ) corresponding to T a,a lie on three line segments given by l 1 :
all intersecting at the point (a, a, a). Therefore there are 3p − 2 summands in T a,a , using up 3p − 2 ordinary elements.
The marked lattice points (a 1 , a 2 , a 3 ) corresponding to T a,a ′ for a < a ′ lie on six line segments given by
′ . These line segments are organized in the shape of a hexagon (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) such that neighboring line segments intersect at at unique point. There are 6(p − 2) + 6 = 6p − 6 summands in T a,a ′ for a < a ′ , using up 6p − 6 ordinary elements.
By an easy dimension count, all ordinary elements appear in precisely one of T a,a ′ .
Assume that f ∈ SS 1 has a nonzero coefficient at an ordinary element h a1,a2,a3|b . Then this ordinary element belongs to one of T a,a ′ , and the coefficients at h c1,c2,c3|d1 along T a,a ′ have to be the same. If we add up all of the corresponding elements, we obtain a scalar multiple of T a,a ′ that can be split off from f .
Since there are p p+1 3 special elementsh a1,a2,a3|b , p elements T a,a and p 2 elements H a,a ′ for a < a ′ , the dimension formula follows.
Proposition 5.7. The basis of supersymmetric elements in SS r consists of special elementsh a1,a2,a3|b and elements
Proof. Scale up from p to q as before. Since there are q
special elements h a1,a2,a3|b , q elements T a,a and q p p 2 elements T a,a ′ for a < a ′ , the dimension formula follows.
GL(m|1). Assume G = GL(m|1).
As before, in the beginning, we assume that r = 1.
We will show that a basis of supersymmetric elements composed of ordinary elements are labeled by canonical (m + 1)-tuples (a 
where each 0 ≤ x i < p for i = 1, . . . , s and 0 ≤ y 1 < p. Together with the above intersection points we also consider all of their permutations under the action of the symmetric group Σ m on m elements. This way we obtain m m1,...,ms intersection points from (a Proof. Let f ∈ SS 1 for GL(m|1). Using Lemma 3.7, the structure of SS 1 for GL(1|1) and a suitable extension by inert variables to GL(m|1), we observe that if the coefficients of one of h b1,...,bs|c that appears as a summand of H a 
Canonical elements for GL(m|n)
In this section, we define canonical elements for GL(m|n) and compute their cardinality. Let G = GL(m|n) and r > 0. For every (a 1 , . . . , a m |b 1 , . . . , b n ), where 0 ≤ a 1 , . . . , a m ; b 1 , . . . , b n < q define the defect d to be the maximal number d for which there are index sets I = {i 1 , . . . , i d } ⊂ {1, . . . , m} and J = {j 1 , . . . , j d } ⊂ {1, . . . , n} such that a it + b jt ≡ 0 (mod p) for t = 1, . . . , d.
We say that (a 1 , . . . , a m |b 1 , .
We say that (a 1 , . . . , a m |b 1 , . . . , b n ) of the defect d > 0 is canonical if there are indices e, f such that d = min{e, f } and Denote by c ′ m,n (p − 1) the number of (a 1 , . . . , a m |b 1 , . . . , b n ) such that 0 < a 1 ≤ . . . ≤ a m < p, 0 < b 1 ≤ . . . ≤ b n < p, where a i + b j ≡ 0 (mod p) for every i and j. 
The basis of SS r for GL(m|n)
Define the equivalence relation ∼ on (a 1 , . . . , a m |b 1 , . . . , b n ) and on h a1,...,am|b1,...,bn generated by the following relations.
• (a 1 , . . . , a m |b 1 , . . . , b n ) ∼ (a Now we show that each (a 1 , . . . , a m |b 1 , . . . , b n ) of defect d > 0 is equivalent to a canonical element. We can assume that a i + b i ≡ 0 (mod p) for i = 1, . . . , d, and then even more, we can assume that a i ≡ 0 (mod p) and b i ≡ 0 (mod p) for i = 2, . . . , d.
For every i > 1 write a i = r i p + s i , where 0 ≤ s i < p; and for every j > 1 write b j = t j p + u j , where 0 ≤ u j < p. Then 1 is divisible by p. Once we rearrange the order of the first m entries and the last n entries of the last element, we obtain a canonical element.
